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Scalable Dynamic Graph Representation Learning via
Incremental Graph Embedding

Anonymous Author(s)

ABSTRACT

Dynamic graph representation learning has broad applications,
such as modeling the Internet of Things, social networks dynamics,
and automated theorem proving. However, re-embedding all nodes
at every time point in the graph sequence is computationally expen-
sive. In practice, changes in graphs over time are small, affecting
a relatively small subset of the nodes. Incrementally computing
node embeddings significantly saves computation costs, which are
particularly crucial in applications with long sequences and large
graphs but small changes at each time point. We propose an al-
gorithm to incrementally embed dynamic graphs based on graph
convolutional neural networks. Every time step, we identify a small
portion of the graph where the embedding should be updated while
retaining previously computed embedding elsewhere. We propose
an optimization objective to maintain the spatiotemporal consis-
tency exhibited by dynamic graphs, which improves stability of
the embedding. Our algorithm is applicable to any graph embed-
ding method and can handle arbitrary graph changes, including
adding and removing nodes. We apply our approach to benchmark
graph prediction tasks, edge classification and link prediction. Our
method demonstrates competitive predictive performance while
updating only 10% or fewer node embeddings. Furthermore, our
method uses 20X fewer parameters than state of the art baselines.

CCS CONCEPTS

« Computing methodologies — Neural networks; Supervised
learning.
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1 INTRODUCTION

Graph embedding methods aim to learn vector representations
of graph data, which has attracted considerable attention in data
science. Learned graph embeddings have shown to be highly valu-
able in various applications from edge classification in biological
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Figure 1: As graph changes over time, only a subset of the em-
beddings are recomputed. Nodes that are endpoints of new
or deleted edges are added to the node set 7! C V and the
embedding of only these nodes are updated. Here, this set is
shown in dark shading for each time point.

networks, to link prediction in social networks, to proof step classi-
fication in automated theorem proving. See comprehensive review
papers on graph embedding [2, 9, 13] and the references therein for
a complete review. The majority of the work on graph embedding
have focused on static graphs, whereas many real world applica-
tions contain very rich temporal dynamics. Many approaches for
dynamic embedding do not focus explicitly on scalability.

The need to learn flexible representations of dynamic graphs
gave rise to the flourishing research in dynamic graph representation
learning. Specifically, the problem poses the question: given a se-
quence of graphs with changing nodes and edges, how to learn their
graph representation? Several works have developed dynamic deep
learning models for graph embedding, ranging from graph convo-
lutional recurrent neural networks (RNNs) [3, 16, 21], to growing
auto-encoders [7], to neural point processes [23, 26]. However, the
main focus of these works is improving the accuracy of the learned
embedding via better modeling of the graph evolution dynamics.

Apart from accuracy, scalability is a crucial technical challenge
of dynamic graph representation learning. The computational com-
plexity of graph embedding grows drastically with the length of
the graph sequence. The number of node updates becomes compu-
tationally prohibitive for graphs with a large of number of nodes.
In applications such as Internet of Things, the length of a graph
sequence can be in the order of hundreds of thousands, and each
graph can have millions of nodes. Therefore, obtaining high-quality
graph representations while reducing the amount of computation
is the key to deploying dynamic graph representation learning
methods on real world industry-level platforms.

While there always exists a trade-off between accuracy and ef-
ficiency in machine learning models, it is particularly difficult to
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strike a balance for graph sequences. First, dynamic graphs demon-
strate strong temporal dependency. A small change in the embed-
ding of the previous time step can have an immediate effect on the
future embedding. Second, as the embedding encodes local topolog-
ical information of the graphs, the updated embedding should also
preserve such structural information while capturing the changes
in nodes and edges. Lastly, the changes in both the nodes and the
edges are highly irregular with adding and removing nodes, which
is difficult to model using a single dynamical process.

In this paper, we aim to improve the scalability of dynamic graph
representation learning methods via incremental graph embedding.
We leverage the fact that the changes in a graph is local both spa-
tially and temporally relative to the entire graph sequence. There-
fore, we first identify a small portion of nodes that have experienced
changes. We then update the embedding of the affected nodes while
keeping the rest of the graph embedding unchanged, as shown in
Figure 1. When applied to several large-scale dynamic graph data
sets, we observe significant performance gain in computation with
competitive prediction accuracy for benchmark graph embedding
tasks. In summary, our contributions are:

e We propose an incremental graph embedding algorithm
which first identifies a small portion of the graph as affected
nodes and then updates the embedding for them accordingly.

e We conduct experiments on benchmark tasks using several
large scale real world dynamic graph datasets and observe
significant computational advantage with competitive pre-
dictive performance.

e We perform a careful ablation study to validate our approach.

2 RELATED WORK

Graph representation learning learns vector representation of graph
data and has gained popularity in recent years, see several surveys
on the topic [1, 25, 28]. Dynamic graph representation learning
generalize graph embedding to temporal graphs. We refer readers
to papers [2, 9, 13] and the references therein for a comprehensive
review of the field. In general, dynamics graphs representation
learning can be categorized into two types: node dynamics which
characterize the evolution of node attributes; and edge dynamics
which describe the changes in the graph structures.

For node dynamics, [16, 27] proposed to unify Graph Convolu-
tional Networks (GCNs) and RNNs by replacing matrix multiplica-
tion in RNNs with graph convolution. [3, 21] proposed EvolveGCN,
a two step approach to learn graph embedding at each time point
and feed the embeddings into an RNN. [13] employed co-embedding
methods to jointly model the sequence of interactions between
users and items. For edge dynamics, DynGEM [7] propose to widen
and deepen autoencoders for growing graphs. Others directly model
the edge dynamics using RNNs [17], point processes [23], and tri-
adic closure processes [29]. Recently, [6, 10] propose neural mes-
sage passing algorithms to jointly capture node and edge dynamics.
However, most existing methods emphasize the quality of the em-
bedding for better accuracy rather than the efficiency. Most existing
methods require re-embed the graph at every time point.

To scale up the models for learning graph representations, [4]
proposed to optimizes the gradient computation in GCN in a single
graph. But their method does not address the challenges in dynamic

Anon.

graphs, thus it can not reduce the number of node updates for em-
beddings across time points. Another line of research [5, 8, 19, 22]
for structure-preserving dynamic graph embedding uses random
walk based representations instead of deep neural networks. These
methods only learn representations that encode graph structures
rather than node attributes. For example, [5] usedd a skip-gram
based graph representation and proposed to partially update the
embedding for these nodes with the highest edge weights. Perhaps
the work that is most related to our is [24], which derived an online
learning algorithms to update the embedding from two attentive
graph convolutional networks. However, their optimization objec-
tive is very specific for knowledge graphs and entity relationship
embedding, which cannot be easily generalized for arbitrary graphs.

3 INCREMENTAL GRAPH EMBEDDING

3.1 Problem Formulation

We aim to learn informative representations for graph structured
data in a dynamic setting; i.e., dynamic graphs. Formally, a dynamic

graph is a sequence of graph snapshots G1 = = [(X1, A1), ..., (X, AY)]

where X € RV is the node attributes and A € RN*N is the adja-
cency matrix representing the graph structure.

Given a collection of such graphs, the problem of learning dy-
namic graph representation is thus defined as:

Definition 3.1 (Dynamic Graph Representation Learning). Given a
dynamic graph G, dynamic graph representation learning aims
to learn a function that maps the graph sequence to a sequence of
matrices,

f . Gl—»t N Hl%t
where H' is all node embeddings of a graph at time ¢.

Note that an expressive function f is supposed to capture not
only the current graph topology and node attributes but also the
spatial-temporal correlations between two consecutive graphs. The
function f is typically approximated by various deep neural net-
works, especially GCNs and RNNs. For example, EvolveGCN as-
sumes the function f to be decomposable over time f = [], f*,
where each f* is a GCN and the learned embedding at different time
steps are encoded with an RNN. These learned embeddings encode
characteristic temporal and spatial properties of the original graph
sequence and can be readily used for downstream graph prediction
tasks such as edge classification or link prediction.

We focus on the scalability aspect of the representation learning
problem rather than debating the type of architecture to use to
approximate the embedding function. Existing methods for embed-
ding dynamic graphs re-embed the entire graph at every time point,
which suffers from high computational cost. However, in certain ap-
plications, graphs do not change drastically from one time point to
the next. Accordingly, we propose an incremental approach which
allows for more efficient computation by considering only the parts
of graphs that have been changed. To this end, we propose to first
identify the affected node set J'¢ that should be updated and then
recompute the embeddings only for this subset, thus minimizing
updates while obtaining the same quality of node embeddings.

Another important assumption we consider is that the embed-
dings of each node will not change dramatically from one time point
to the next. Therefore, it is important to enforce the consistency of
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Incremental Graph Embedding

node embeddings of each graph over different time steps. To achieve
spatial-temporal smoothness of node embeddings, we present a
graph regularization term jointing with a downstream task loss
function to improve the stability of learned graph embeddings.

3.2 Identifying Affected Node Sets and
Minimizing Embedding Updates
We learn nodes representations using a multi-layer GCN [10] com-
prised of graph convolution operations at each layer. First, we out-
line the general case for GCN without incremental updates. At the
input layer [ = 0, the node representation Hé is given by the node
features X’. In subsequent layers, the representation is updated
by layer weights Wlt and activation o(-). That is, the embedding
matrix is updated using the following update rule:

t t gt N _ (Atgt it
Hf = GON (', Hf_, W]} = o (A'H[_,W}). (1)
For simplicity, we denote the embedding at the last layer simply as
H'! and specify the update across all L layers as

H' = GONg (A, X", W) (2

In this formulation, the representation k!, for all N’ nodes are
updated at every time point and every layer. We posit such an
exhaustive update is not necessary for every node at each time.
Instead, for a dynamic graph G%7, a subset of nodes 7* to be
updated can be identified based on changes in the graph. We define
AG? generally as graph updates from ¢ — 1 to t. These updates are
comprised of changes in the structure |A* — A*~!| and node features
|X?~X*1|. The set I* contains the nodes that are endpoints of new
or deleted edges and nodes v where |x/, — x}| > t for a threshold 7.

Once the affected node set 7* is determined, the embedding only
for nodes in that set are updated. Therefore, the IDGEm update rule
is given by the layer-wise update rule

o _ t t ¢
Hi ;) = GONy (Al 7). Xt W), 3)
Here, At[ 7] and X f 7] indicate we index each matrix by the nodes

in 7*. We have dropped the time index for 7* for simplicity of
notation, but the set will change for each t as determined by AG?.
For nodes not included in the affected node set, the embedding is
carried over from the previous time point without update.
Because the model weights depend only on the embedding di-
mension and the hidden size, these update rules allow for the size
of the graph to change over time. A basic GCN model that learns
node representations at every time point can also handle these
changes. However, in many cases an incremental approach like
IDGEm can provide very efficient computation while still learning
accurate node representations. For dynamic graphs that change
over time by adding very few nodes at time to very large graphs,
IDGEm is especially advantageous. For example, social networks
may be very large and change slowly over time. New embeddings
would be learned only for new nodes and the nodes to which they
are connected, avoiding recomputing the remaining nodes in the
graph. For shrinking graphs, the embedding for any removed nodes
could be removed from the embedding matrix H as long as the
indexing for remaining nodes is taken into account. The embedding
of nodes previously connected to removed nodes would be updated.
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3.3 Learning

We formulate the problem of node representation learning using
the IDGEm model as a supervised learning problem on a downstream
task on the dynamic graph. A simple MLP classifier uses the learned
representation for predictions on the downstream task. In the case
of link prediction, the classifier takes the embedding of pairs of
nodes and predicts if a link is present. For edge classification, the
classifier predicts the class of an existing edge.

To train the model, we propose a multi-term loss function that
uses a supervised signal on the downstream task as well as spatial
and temporal smoothing terms. Specifically, we prose to minimize

L(Ht) = E E Lspatial(hza’ hf})"'-ctemporal(ht ! ht)+£task(hv)
veV ueN(v)
4

The spatial smoothing term Lgpatial encourages learning node
representations that are similar for connected nodes. This term
assumes that similar nodes are connected, a reasonable assumption
for many applications. The temporal smoothing term Liemporal Pro-
motes learning representations for each node that are similar to
the representation learned in previous time steps. In particular, we
use the following loss function

t— t |

-C(Ht)_z Z |ht ht|z | “ht l”

veV ueN(v)

Ltask (hv) (5)

The task-specific loss term Ly,q (k%) will depend on the down-
stream task used for training. Since we only update the embedding
for nodes in I'¢, the outer sum in (4) need only be computed over
this subset of nodes. Thus, the loss can be minimized taking into
consideration only the nodes in 77 and their first neighbors

LHE) = ) Liasi(hh)+ Liemporat By L H)+ > Lopaiar (A, h)

vel? ueN(v)

(6)
4 EXPERIMENTS

We evaluate our model performance on benchmark tasks of edge
classification and link prediction on several dynamic graph datasets.
We also investigate its robustness through an ablation study on our
loss and present a qualitative analysis of the embedding space.

4.1 Baselines

We compare our incremental embedding method to a set of base-
lines, (1) StaticGCN — a naive baseline using a vanilla GCN that
learns an embedding for each node at every time point. The em-
bedding update is given by Equation (1); (2) TemporalGCN — a more
sophisticated baseline where node representations across time are
not independent. Node representations are first updated with a
multi-layer GCN with output H i Then, these node representations
are used as the inputs to a recurrent layer with LSTM units. This
model captures the dynamics of the embedding evolution but also
recomputes the embedding for every node in the graph; and (3)
EvolveGCN [21] which learns node embeddings for dynamic graphs
by updating the GCN parameters over time according to dynam-
ics learned by an RNN. We consider both variants, EvolveGCN-h
and EvolveGCN-o and use the hyperparameters provided by the
configuration files in the publicly available code.
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Table 1: Model parameters for each method in thousands

EvolveGCN-h  EvolveGCN-o  StaticGCN  Temporal GCN  IDGEm
3,631 2,958 127 140 127

4.2 Datasets

We evaluate on several dynamic graph datasets from the SNAP
[15] dataset collection. We follow the train/validation/test splits
proposed by [21]. We train the models on the first several time
steps, then validate and test on subsequent time steps.

The Bitcoint-OTC BT-OTC dataset [11, 12] provides transac-
tions between users of the Bitcoin-OTC platform. The graphs have
directed, weighted edges. The edge weights indicate a trust rating
from one user to another; negative weights indicate distrust while
positive ones indicate trust. For edge classification, we predict two
classes, untrustworthy (class 0) and trustworthy (class 1).

The Autonomous Systems AutSyst dataset [14] provides Inter-
net router subgraph configurations over 785 days. We aggregate
days together to produce 100 time steps and use this dataset for
link prediction. The links are unweighted and undirected.

The UC-Irvine Message UCI dataset [20] encodes messages sent
between users of a student social network. Edges are directed from
the sender to the receiver.

We run each model setting with three model parameter random
initialization seeds. We evaluate the model by observing the graph
for a time window t = [fy, tyy], updating the embeddings according
to model update rules, and performing a predictive task on the
graph at t = tyy + 1. We train all models with sliding window across
the training portion and report results averaged over all windows
on the test portion. The embeddings are then used for downstream
prediction tasks on the nodes, using the learned vector representa-
tions as inputs to a simple two-layer MLP classifier trained jointly
with the embedding model.

4.3 Prediction Tasks

The goal of the edge classification task is to assign a label to an
edge that appears at time ¢. The endpoints of the edge are known
but the label is not. For example, in the BT-OTC dataset, a transac-
tion between two uses occurs at time t and the goal is to clas-
sify this transaction as trustworthy or untrustworthy. For this
task, the embedding of the source node and the embedding of
target node are concatenated to serve as the input to the classifier.
We use cross entropy classification loss for the task-specific loss,

t
Liask = —log (%), with the classifier output for edge

(u,v) represented as x/,, and indexed by the true class c.

In link prediction, the goal is to predict the presence or absence
of an edge between any two nodes in the graph at time t. For this
task, the embeddings of every pairwise combination of nodes are
concatenated and used as the input to a classifier that assigns a
probability to the presence of an edge between the two nodes. We
use binary cross entropy as the task loss term.

Anon.
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Figure 2: Updates for our incremental method and stan-
dard methods that update all node embeddings at every time
point. IDGEm computes only 10-35% of the total nodes.
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Figure 3: BT-OTC edge classification results. F1 classification
score for the minority class (0) and majority class (1) and the
average across all classes is reported.

4.4 Accuracy and Scalability

We first investigate the number of node embedding updated for
IDGEm compared to baseline methods, which we designate as stan-
dard since they recompute the embedding for all nodes. We illus-
trate the savings in node embedding updates across datasets in
Figure 2. The fraction of node embedding updates for incremental
methods compared to standard methods are between about 10%
and 35%, depending on the dataset.

For edge classification, we evaluate each model using the F1
score for classifying each class and the average performance across
classes, shown in Figure 3. The results show EvolveGCN modes have
larger variance between random model parameter initialization
while IDGEm and the baseline models StaticGCN and TemporalGCN
trained with the incremental loss have much small variance. While
the performance of the models are comparable, IDGEm updates only
10% of node embeddings for the test sequence compared to all other
models Likewise, number of parameters is an order of magnitude
smaller for IDGEm and the corresponding baseline models compared
to EvolveGCN models, as shown in Table 1.

For link prediction, we report two measures, Mean Average
Precision (MAP) and Mean Reciprocal Rank (MRR) as in [21]. MAP
incorporates recall and precision at various prediction thresholds,
capturing the precision-recall curve for the binary prediction task.
MRR captures the ranking of ground-truth links for each node
among possible links. For both metrics, higher values correspond
to better predictions. We show the results of these experiments in
Table 2. We see a similar pattern of high variance in the EvolveGCN
methods while performance remains comparable across methods.
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Table 2: Link prediction results in terms of Mean Average Precision (MAP) and Mean Reciprocal Rank (MRR); higher values

correspond to better predictions.

Conference’17, July 2017, Washington, DC, USA

BT-OTC

UCI

AutSyst

MAP

MRR

MAP

MRR

MAP

MRR

EvolveGCN-h
EvolveGCN-o
Static GCN
Temporal GCN
IDGEm

1.796e—-3 + 7.85e—4
1.904e—3 + 1.50e—3
8.273e—4 + 1.517e—4
9.352e~7 + 2.157e-7
5.257e—4 + 2.501e—4

0.05176 + 0.0272

0.086 90 + 3.07e—3
0.08817 + 2.01e-3
4.47e—4 = 1.16e—4
0.086 89 + 2.49e-3

9.135e-3 = 1.57e-3
1.008e—2 + 5.43e-3
8.353e—3 + 8.66e—4
2.711e-3 + 1.53e—4
8.018e—3 + 4.81e—4

0.1102 * 6.36e—3
0.1042 + 1.81e-3
0.1117 £ 1.77e-3
0.092 86 + 1.13e—2
0.1077 = 2.47e-3

9.768e—2 + 5.21e-2
6.293e—2 + 3.31e—2
1.878e—2 + 1.13e-2
1.848e—2 + 7.24e-3
1.626e—2 + 2.09¢-3

0.260 945 + 8.77e-2
0.246 790 + 6.42e—2
0.174 424 + 8.08e-3
0.143708 + 4.51e-2
0.158 667 + 1.75e—2

Again, the number of parameters is much smaller for IDGEm and
the number of node embedding updates is 10-35% of the total.

4.5 Incremental Loss Ablation Study

We propose the supervised incremental loss function in (4) which
regularizes the task-specific performance with spatial and temporal
smoothing. The spatial smoothing term promotes learning similar
node representations for connected nodes. The temporal smoothing
term keeps node representations similar at consecutive time points.

We conduct an ablation study on the effect of these regularization
terms on the performance of edge classification (see Figure 4). To
validate the utility of the smoothing terms, we train the IDGEm
model while removing each of the smoothing terms individually
and with no smoothing. For each setting, we train the model three
times, each time with a different random initialization of parameters.
Though the average performance for all settings is similar, the
model trained without any smoothing and trained without spatial
smoothing exhibits higher variance than when trained with the
full loss or with spatial smoothing only. Similar results are seen
in the performance for the majority class (class 1). However, the
latter two loss settings perform better in the classification of the
minority class (class 0) while still reducing the variance. This may
indicate that spatial smoothing has a greater regularization effect
and avoids the model overfitting to the majority class.

11

F1avg F1 (class 1) F1 (class 0)

Figure 4: Edge classification (BT-OTC) performance of IDGEm
for different loss formulations. No smoothing is the task-

specific supervised loss. No spatial- and No temporal- re-
moves one of the terms in the loss function (4).

4.6 Analysis of Embedding Space

To gain a better understanding of the embeddings learned by each
model, we use tSNE [18] to visualize the embedding space. For edge
classification in the BT-OTC dataset, we visualize the input to the

classifier. Namely, for each edge to be classified, the representa-
tion of the source and target nodes are concatenated together. The
resulting tSNE plot is shown in Figure 5 with the majority class
shown in gray and the minority class (untrustworthy) in red. We
show the space for the first five time steps of the test set for each
model. These visualizations suggest agreement with the quantita-
tive results shown in our experiments. The learned representations
in StaticGCN and IDGEm also look similar to each other, supporting
the assumption that updating only the embeddings for affected
nodes is sufficient for learning a reasonable node representation.

EvolveGCN-h

Static GCN

IDGEm(ours)

Figure 5: tSNEs of embeddings for 5 time points. Each point
is embedding for node pairs that are endpoints to edges
in edge classification task for Bitcoin-OTC dataset. Ground-
truth classes are differentiated by color.

5 CONCLUSIONS

In this work, we present a novel approach for computing scalable
dynamic graph embeddings by minimizing the number of updates
while maintaining performance. To this end, we first identify the
set of affected nodes and update embedding only for these affected
nodes. We also introduce spatial-temporal regularization to enforce
consistency of learned node embeddings, which help significantly
stabilize the learned graph embeddings over time. Our experimen-
tal results on benchmark datasets demonstrate that our proposed
model yields comparable performance to traditional methods while
only exhibiting <10% of their computational costs for re-computing
node embeddings.
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